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In this paper, we study a family of hypergeometric functions associated to cones of
convex type in a Euclidean Jordan algebra. We obtain upper and lower bounds and
give information about their singularities. The family under consideration was
introduced by Sahi (Invent. Math. 110 (1992), 409–418) and it plays an important role
in the construction of some small representations. # 2002 Elsevier Science (USA)
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Let V be an Euclidean Jordan algebra of rank r: Fix fX1;X2; . . . ; Xrg a
complete set of idempotents so that
Pr
j¼1 Xj ¼ e is the identity element of V:
Denote by L the structure group of V; and by ‘‘tr’’ the trace form on V
(cf. [2, 3]). For p; q 2 N; such that 04pþ q4r; deﬁne
Ep;q ¼
ðX1 þ    þ XpÞ 	 ðXpþ1 þ    þ XpþqÞ when pa0 and qa0;
ðX1 þ    þ XpÞ when q ¼ 0;
	ðX1 þ    þ XqÞ when p ¼ 0:
8><>:
Let Sp;q ¼ f‘ 2 L j ‘  Ep;q ¼ Ep;qg: The orbit Op;q ¼ Sp;q  Epþq;0 of Epþq;0
under the action of Sp;q is contained in a convex cone, and thus it is of
convex type. Moreover, Op;q is isomorphic to a Riemannian symmetric space
and it admits a Sp;q-invariant measure dlp;q:
In this paper, we study the hypergeometric functions associated to Op;q
given by
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Z
Op;q
e	trð‘yÞdlp;qðyÞ; ‘ 2 L:
We obtain lower and upper bounds that give information about the growth
and singularities of the functions ep;q:
The family ep;q was introduced by Sahi [7]. These are Sahi’s ep;q Gaussian
functions. These functions play an essential role in Sahi’s construction of
small representations (cf. [1, 7]). The group L has a ﬁnite number of orbits in
V: The orbits are Op;q ¼ L Ep;q: When pþ qor; the non-open orbit Op;q
admits a unique up to scalar quasi-invariant measure dmp;q: (When pþ q ¼ r
there is a one parametric family of quasi-invariant measures on Op;q:) The
main theorem in [7] states that the conformal group of V acts on
L2ðOp;q; dmp;qÞ and the resulting representation is irreducible and unitary.
The argument in [7] relays on the claim that the functions ep;q belong to
L2ðOp;q; dmp;qÞ: To justify square integrability, the author asserts that ep;q is
the convolution of two rapidly decreasing functions and thus it is bounded.
Our computations show that this statement is not correct. We provide
explicit estimates of the functions ep;q and conclude square integrability.
When pþ q ¼ r; we endow Op;q with the Euclidean measure dXp;q inherited
from V and we show that ep;qð‘  Ep;qÞjDð‘  Ep;qÞj	1þd=2 2 L2ðOp;q; dXp;qÞ:
2. PRELIMINARIES
Let G be a connected simple Lie group with Cartan involution y and
maximal compact subgroup K ¼ Gy: We write the Lie algebra of G (resp. K)
as g (resp. k). The Cartan involution determines a Cartan decomposition
g ¼ k s: As mentioned in the Introduction, we will only be considering
groups associated to Euclidean Jordan algebras. Therefore, we impose the
following conditions on G:
Assumption 1. The group G contains a parabolic subgroup P ¼ LrN
such that:
(i) P and its opposite parabolic LrN~ are G-conjugate, and
(ii) N is a abelian.
Assumption 2. The symmetric space corresponding to G is of tube type.
Under Assumption 1, K=L\ K is a symmetric space of compact type.
Choose a Cartan subspace t of K=L\ K : The restricted root system DðkC;
tCÞ is of type A;C; or D: Our Assumption 2 implies that DðkC; tCÞ is of type
A: In particular, there is a family of strongly orthogonal roots fg1; g2; . . . ; grg
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DðkC; tCÞ ¼ f12 ðgi 	 gjÞ j 14ioj4rg:
The roots of tC in gC have the form
DðgC; tCÞ ¼ f
1
2
ðgi  gjÞ j 14i4j4rg; ð1Þ
and the weight gi occurs in s with multiplicity one.
In the usual way, the strongly orthogonal roots fg1; g2; . . . ; grg determine
three-dimensional subalgebras and Cayley transforms in g: Consider slð2;CÞ





























½h;x ¼ 2x; ½h; y ¼ 	2y; ½x; y ¼ h:









: We have c˜ðX Þ ¼ x; c˜ðY Þ ¼ y and c˜ðHÞ ¼ h:
By Jacobson–Morozov theorem there exist complex homomorphisms
Cj : slð2;CÞ ! gC; j ¼ 1; . . . ; r;
such that CjðxÞ ¼ xj spans the root space ðsÞgj : We denote the image of X
(resp. x; Y ; y; H; h; C˜) under Cj by Xj (resp. xj ; Yj ; yj ; Hj ; hj ; C˜j).
Setting C ¼
Qr
j¼1 C˜j ; we call c ¼ Ad ðCÞ the Cayley transform.
Set a ¼ c	1ðitÞ ¼ spanRfHjg and ej ¼
1
2
gj 8 c: It follows from (1) that
DðgC; aCÞ ¼ fðei  ejÞ j 14ioj4rg [ f2ei j 14i4rg:
In fact, if l and n denote the Lie algebras of L and N; respectively, we have
DðlC; aCÞ ¼ fðei 	 ejÞ j 14ioj4rg
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DðnC; aCÞ ¼ fei þ ej j 14ioj4rg [ f2ei j 14i4rg:
The long roots have multiplicity one. The short roots have common
multiplicity that we denote by d :





2 ðXj 	 YjÞÞÞ: Then t is a homomorphism of g; so that tðnÞ=n .
Furthermore, if we set
e ¼ X1 þ X2 þ    þ Xr;
then the multiplication
X  Y ¼ 	1
2
½½X ; tðY Þ; e; X ; Y 2 n
deﬁnes a Jordan algebra multiplication on n: For this Jordan algebra
structure on n; the element e is the identity. Each Xj is an idempotent and
fXjg is a Jordan frame system. Similarly n , admits a Jordan algebra
structure, where f ¼
Pr
j¼1 Yj is the identity element. The Killing form on g
induces a pairing between n and n , that we denote by ð; Þ after normalizing
it so that ðe; f Þ ¼ 1: The rank of n is r ¼ dimðaÞ: The structure group of n is
L: In particular, L acts on n via adjoint representation. It is useful to note
that L\ K ﬁxes e: Similarly, f is ﬁxed by L\ K :
For ‘ 2 L; we denote the determinant of the linear L-action on n by detð‘Þ:
The determinant of the Jordan algebra is denoted by D: This is uniquely
determined by
Dð‘  X Þ ¼ detð‘Þ
r
nDðX Þ; DðeÞ ¼ 1;
where n ¼ dimRðnÞ:
Definition 2.1. Deﬁne L0 2 an by L0 ¼
Pr
j¼1 ej : For k 2 Z; we write wk
for the positive character of L with differential dkL0:
Letting R be half the sum of the a-roots in n; we have the following
lemma.
Lemma 2.2. For the Jordan algebra n;
(i) R ¼ n
r
L0;
(ii) detðaÞ ¼ e2RðaÞ for a 2 A ¼ expðaÞ;
(iii) detð‘Þ ¼ w1ð‘Þ
2n
dr ;
(iv) Dð‘  eÞ ¼ w1ð‘Þ
2=d :
HYPERGEOMETRIC FUNCTIONS 2173. INTEGRAL FORMULAS FOR THE L-ORBITS
Each element of n is ðL\ KÞ-conjugate to an element of the formPr
j¼1 mjXj with mj 2 R: Since L ¼ ðL\ KÞAðL\ KÞ; it follows that the
elements
Ep;q ¼ ðX1 þ    þ XpÞ 	 ðXpþ1 þ    þ XpþqÞ;
with p; q 2 N and pþ q4r form a set of representatives for the L-orbits in n:
We write Op;q ¼ L  Ep;q ¼ L=Sp;q; where Sp;q is the stabilizer of Ep;q under
the action of L: We are interested in the indeﬁnite orbits, i.e. we assume that
pqa0:
We brieﬂy describe the group Sp;q: Denote by li;j the ðei 	 ejÞ-root space of
l: Let lð1Þp;q be the subalgebra generated by fHi; li;jg such that both indices i
and j are in the set f1; . . . ; pþ qg; and let lð2Þp;q be the subalgebra generated by
fHi; li;jg; with neither i nor j in f1; . . . ; pþ qg: Also, let u be the subalgebra
spanned by fli;jg with i in f1; . . . ; pþ qg but j not in the set.







Let sp;q be the Lie algebra of Sp;q: Then l
ð1Þ
p;q \ sp;q is a real form of l
ð1Þ
p;q \ k and
sp;q ¼ ðl
ð1Þ
p;q \ sp;qÞ  l
ð2Þ
p;q  u:
It is useful to note that
sp;0 \ s0;q ¼ ðl
ð1Þ
p;q \ ðsp;0 \ s0;qÞÞ  l
ð2Þ
p;q  u:
Remark 3.1. Let Lð1Þp;q be the adjoint group of l
ð1Þ





Sp;q is a semi-simple symmetric space. By the Mostow decomposition, there







When pþ q ¼ r; the orbit Op;q admits an L-invariant measure dnp;q:
One can also produce a one parametric family of measures on Op;q that
transform by a character under the action of L: This can be done by
multiplying the invariant measure by a power of jDð‘  Ep;qÞj: Since the orbit
Op;q with pþ q ¼ r is open, it carries a natural Euclidean measure dXp;q
inherited from the Euclidean measure on the Jordan algebra n: The measure
dXp;q transform by the character w
2n
dr
1 under the action of L: When pþ qor;
the orbit Op;q admits a unique, up to scalar, wpþq-quasi-invariant
measure dmp;q:
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invariant measure if there is a character w : L ! Rn such that
Z
L=S
f ð‘  X Þ dmðX Þ ¼ wð‘Þ	1
Z
L=S
f ðX Þ dmðX Þ:













where ds is a left invariant Haar measure on S:
Denote by XL the modular function of L; i.e. XLð‘Þ ¼ jdetðAdð‘ÞÞj: A
quasi-invariant measure dm exists if and only if w is an extension of XLX	1S jS
to a character of L: In our case, the homogeneous space L=Sp;q admits a
quasi-invariant measure dmp;q corresponding to the character wpþq: See [5]
for details on quasi-invariant measures.
Let Aþp;q ¼ fexpðt1H1 þ    þ tpHp þ s1Hpþ1 þ    þ sqHpþqÞ; t15   5tp
5s15   5sqg:
Proposition 3.2. If p; q 2 N with pqa0 and pþ qor; then the wpþq-
quasi-invariant measure on Op;q is given byZ
Op;q





F ðka  Ep;qÞwrðaÞJp;qðaÞ da dk;




Proof. The parabolic subgroup Pp;q has a decomposition Pp;q ¼ Lð1Þp;qL
ð2Þ
p;q
U : If we write Lð1Þp;q ¼ M
ð1ÞAð1Þ with Að1Þ ¼ fexpðtðH1 þ    þHpþqÞÞ j t 2 Rg;
and Lð2Þp;q ¼ M
ð2ÞAð2Þ with Að2Þ ¼ fexpðtðHpþqþ1 þ    þHrÞÞ j t 2 Rg; then the




p;q \ Sp;q ’ M
ð1ÞAð1Þ=Mð1ÞAð1Þ \ Sp;q:
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subgroup givesZ
L









 f ðkmð1Það1Þmð2Það2ÞuÞ dmð1Þ dmð2Þ dað1Þ dað2Þ du dk:

































ð1ÞÞdmð1Þ dað1Þ ds dk:
Since M ð1ÞAð1Þ=Mð1ÞAð1Þ \ Sp;q is a semi-simple symmetric space, the above





ð1ÞÞJp;qðaÞ da dk: ]
In what follows, K is either the real ﬁeld R; the complex ﬁeld C regarded
as two-dimensional real algebra, the four-dimension real (non-commutative)
division algebra H of quaternions, or the non-associative algebra O of
octonions. We put xn ¼ x t; where the bar denotes conjugation on K: We
deﬁne Hermðr;KÞ to be the set of Hermitian matrices over K: If K ¼ O; we
assume that r ¼ 3: In Tables 1 and 2 we summarize some useful information.
We set et ¼ diagðet1 ; . . . ; etpÞ; es ¼ diagðes1 ; . . . ; esqÞ and V denotes the
Vandermonde determinant.
4. HYPERGEOMETRIC FUNCTIONS
Sahi associates to the orbit Op;q a function that is the appropriate
generalization of the function e	ð f ;zÞ on Op;0 and e
ð f ;z0Þ on O0;q: One way to
TABLE 2
n Jp;qðaÞ















R Rn	1 jch ðs1Þjn	2
p ¼ q ¼ 1
Hermð3;OÞ jch ðs1Þj8
p ¼ q ¼ 1
TABLE 1
n d L Lð1Þp;q Sp;q \ L
ð1Þ
p;q
Hermðr;KÞ 1 ðK ¼ RÞ SLðr;KÞ  Rþ GLðpþ q;KÞ Uðp; q;KÞ
2 ðK ¼ CÞ
4 ðK ¼ HÞ
R Rn	1 n	 2 SOðn	 1; 1Þ  Rþ SOðn	 1; 1Þ  Rþ SO0ðn	 2; 1Þ
p ¼ q ¼ 1
Hermð3;OÞ 8 E6ð	26Þ  R
þ SOð9; 1Þ  Rþ SO0ð8; 1Þ
p ¼ q ¼ 1
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Op;q to transport the function e
	ð f ;zÞ  eð f ;z
0Þ on Op;0  O0;q to one on Op;q: To
this end, we recall two elementary facts found in [7]. First of all, when
pþ qor; the natural embedding
L=Sp;0 \ S0;q ! Op;0  O0;q ð2Þ
given by the diagonal action ‘/ ‘  ðEp;0;E0;qÞ; has a dense open image with
respect to the measure dmp;0  dm0;q: The second fact is that Sp;q=Sp;0 \ S0;q








f ðXp;XqÞ dmp;0ðXpÞ dm0;qðXqÞ;
where f is a smooth function of compact support on L=Sp;0 \ S0;q;
alternately thought of as a function on Op;0  O0;q deﬁned by f ð‘  Ep;0;
‘  E0;qÞ ¼ f ð‘Þ:
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O0;q; we may pull and push it down to a function f $ on Op;q using the double
ﬁbration
by means of
f $ð‘  Ep;qÞ ¼
Z
Sp;q=Sp;0\S0;q
f ðð‘sÞ  Ep;0; ð‘sÞ  E0;qÞ ds ð‘ 2 LÞ:
In particular, if fp and fq are functions on Op;0 and O0;q; respectively, then
fp$ fq ¼ ð fp  fqÞ
$ is a function on Op;q:
It is possible to generalize the construction above to cover the
case pþ q ¼ r: In this case, one needs to modify the invariant measure on
L=Sp;0 \ S0;q so that embedding (2) has dense image with respect to dmp;0 
dm0;q:
Finally, for ‘ 2 L; let
ep;0ð‘  Ep;0Þ ¼ e	ð f ;‘Ep;0Þ; e0;qð‘  E0;qÞ ¼ eð f ;‘E0;qÞ:
The hypergeometric function ep;q on Op;q is
ep;q ¼ ep;0$e0;q;
where
ep;qð‘  Ep;qÞ ¼
Z
Sp;q=Sp;0\S0;q




e	ð f ;ð‘sÞEpþq;0Þds: ð3Þ
Remark 4.2. Since the vector f is ðL\ KÞ-ﬁxed, the function ep;q is by
deﬁnition ðL\ KÞ-invariant. Moreover, we can write L ¼ ðL\ KÞLð1Þp;qSp;q ¼
ðL\ KÞAþp;qSp;q (see Section 3). Thus,
ep;qð‘  Ep;qÞ ¼ ep;qða  Ep;qÞ; a 2 Aþp;q: ð4Þ
Proposition 4.3. If pþ q ¼ r; then ep;qð‘  Ep;qÞjDð‘  Ep;qÞj	1þd=2 is
square integrable with respect to the Euclidean measure dXp;q on Op;q:
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as in [7, Lemma 2.3], it is easy to show thatZ
Op;q
eitrðXzÞep;qðzÞ dmp;qðzÞ ¼ DðiX þ eÞ
	
qd









¼ Dðeþ X 2Þ	
rd
2 :














We ﬁnish the proof by applying the Plancherel theorem after expressing the
measure dmp;q in terms of dXp;q: ]
In Section 5 we will obtain estimates on ep;q with pþ qor: To this end, we
need to simplify formula (3) of ep;q and write it in ‘‘matrix notation’’. We
conclude this section by indicating some standard identiﬁcations that will
helps us write more explicit formulas for ep;q:
Remark 4.4. (i) When d ¼ 1; 2 or 4 we identify n with Hermðr;KÞ: The
Jordan frame on Hermðr;KÞ is chosen to be the set of matrices fEi;ig: The
structure group L ’ SLðr;KÞ  Rþ acts on Hermðr;KÞ by means of A  X ¼
AXAn with A 2 L: Using the explicit description of Sp;q given in Section 3 it
is easy to show that
Sp;q=Sp;0 \ S0;q ’Lð1Þp;q \ Sp;q=L
ð1Þ
p;q \ ðSp;0 \ S0;qÞ
’Uðp; q;KÞ=Uðp;KÞ Uðq;KÞ:
The map Uðp; q;KÞ ! SLðr;KÞ  Rþ given by A/ diagðA;detðAÞ	1
Ir	ðpþqÞÞ induces the isomorphism Sp;q=Sp;0 \ S0;q ’
Uðp; q;KÞ=Uðp;KÞ Uðq;KÞ: The measure ds pulls back to an invariant
measure on Uðp; q;KÞ=Uðp;KÞ Uðq;KÞ: We identify the Riemannian
symmetric space Uðp; q;KÞ=Uðp;KÞ Uðq;KÞ with
Dp;q ¼ fT 2 Mðp; q;KÞ j Ip 	 TTn  0g:
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where dT is the Lebesgue measure on Dp;q:
(ii) When d ¼ 8 we identify n with Hermð3;OÞ: The Jordan frame
is given by the set of matrices fEi;i; i ¼ 1; 2; 3g: The Peirce decom-
position gives n ¼ RE1;1 þO
2 þHermð2;OÞ: Here Hermð2;OÞ is a Jordan
algebra of rank 2 and real dimension 10: Thus, Hermð2;OÞ ’ R R9:
The structure group of Hermð2;OÞ is Lð1Þ1;1 ’ SOð1; 9Þ  R
þ: Once again,




1;1 \ ðS1;0 \ S0;1Þ: The group L
ð1Þ
1;1 \ S1;1 is
the stabilizer in L
ð1Þ
1;1 of E1;1 	 E2;2: We conclude that S1;1=S1;0 \ S0;1 ’
SO0ð1; 8Þ=SOð8Þ: We also note that if ‘ ¼ expðt1H1 þ t2H2 þ 0H3Þ and s 2
S1;1; then ð‘sÞE2;0 2 Hermð2;OÞ: If ‘‘tre’’ is the trace form of the Jordan
algebra Herm ð2;OÞ; then tr ð‘s  E2;0Þ is a multiple of tre ð‘s  E2;0Þ: Hence, we
can reduce the computation of e1;1 to a computation within the Jordan
algebra R R9:
(iii) Let SOðn; 2Þ be the orthogonal group determined by the form 2x1
xnþ2 	 x22 þ x
3
3 þ    þ x
2






375jA 2 SOðn	 1; 1Þ; a 2 Rn
8><>:
9>=>; and n ’ R Rn	1;
is a subgroup of SOðn; 2Þ: The Jordan frame of the Jordan algebra R Rn	1








; 0; . . . ; 0Þ: Thus, we have E1;1 ¼














The group S1;1 ’ SO0ðn	 2; 1Þ and S1;1=S1;0 \ S0;1 ’ SO0ðn	 2; 1Þ=
SOðn	 2Þ: We identify
SO0ðn 	 2; 1Þ=SOðn	 2Þ ’ Dn	2;1 ¼ fT 2 Mð1; n	 2;RÞ j 1	 TTn > 0g:
5. ESTIMATES AND SQUARE INTEGRABILITY
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where a ¼ diagðe2t1 ; . . . ; e2tp Þ; b ¼ diagðe2s1 ; . . . ; e2sq Þ and TrðAÞ denotes the
trace of the matrix A:
ðiiÞ When n ’ R Rn	1 ðp ¼ q ¼ 1Þ; there exists a constant c so that















where Kn is the modified Bessel function of the third kind (cf. [4]).
ðiiiÞ When n ’ Hermð3;OÞ; then there exists a constant c so that








where jjxjj2 ¼ x21 þ    þ x
2
8:
Proof. By Remark 4.4, case (iii) reduces to case (ii) with n ¼ 10: We
prove (i). The computations for (ii) are similar. By Eq. (3), we have




By Remark 4.4, Sp;q=Sp;0 \ S0;q ’ Uðp; q;KÞ=Uðp;KÞ Uðq;KÞ: Since for
classical Lie algebras the Killing form is a multiple of the form Re Tr; there
exists a constant c such that
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is a homeomorphism onto Dp;q: It is elementary to check that
AAn þ BBn ¼ 	Ip þ 2AAn ¼ 	Ip þ 2ðIp 	 TTnÞ
	1
and
CnC þDnD ¼ 	Iq þ 2DnD ¼ 	Iq þ 2ðIq 	 TnTÞ
	1:
We use these identities to write






Next, we make the change of variables
j : Dp;q !Mðp; q;KÞ;
T/ x ¼ ðIp 	 TTnÞ
	1=2T ¼ TðIq 	 TnTÞ
	1=2:
Then Ip 	 TTn ¼ ðIp þ xxnÞ
	1 and Iq 	 TnT ¼ ðIq þ xnxÞ
	1: The Jacobian of
the map j at x 2 Mðp; q;KÞ is detðIp þ xxnÞ
k where k ¼ 1þ d
2
ððpþ qÞ 	 1Þ:
This completes the proof. ]
Let C be the conﬂuent hypergeometric function of the second kind





e	ztta	1ð1þ tÞg	a	1 dt; Ra > 0; R z > 0:
Next, we write ep;qða;b;KÞ for ep;qð‘  Ep;qÞ when n ’ Hermðr;KÞ:
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j¼1 ð2ai þ 2bjÞ
:
ðiiÞ If n ’ Hermðr;RÞ; jjajj ¼ maxða1; . . . ; apÞ and jjbjj ¼ maxðb1; . . . ;




j¼1 ð2ai þ 2bjÞ
1=2













; 2jjajj þ 2jjbjj
 
:





2; then the function




j¼1 ð2ai þ 2bjÞ
2

















Proof. First, we use elementary calculus to show that there exists a













This simple observation proves (i). Combining (6) with Proposition 5.1 we
obtain the upper bound of (ii) and the lower bound of (iii). We concentrate
on the lower bound in (ii) and the upper bound in (iii).
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 detðIp þ xxnÞ
	1=2 dx:






 detðIp þ xxnÞ
	1=2 dx: ð6Þ
On the other hand, if O
ðpÞ


























2 dk dl: ð7Þ
Replacing (8) in inequality (7), and making the change of variable





















i for 14i4p; we have















































































; 2jjajj þ 2jjbjj
 
:





nÞþTrðbxnxÞdetðIp þ xxnÞ dx:

































































j¼1 ð2ai þ 2bjÞ
2
: Thus, the result holds. ]










As a corollary, we obtain the square integrability needed in [7].
Corollary 5.4. If pþ qor and pqa0; the functions ep;q are square
integrable with respect to the quasi-invariant measure on Op;q:
Proof. The corollary follows from the estimates in Theorem 5.2 and the
explicit formula for the measure on Op;q: When n ¼ Hermð3;OÞ the function
e1;1 is given in Proposition 5.1 in terms of the Bessel function. A
combination of Proposition 3.2 and the behavior of the Bessel function
proves the corollary in this case. ]
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